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We deﬁne pluriharmonic conjugate functions on the unit ball of n. Then we
show that for a weight there exist weighted norm inequalities for pluriharmonic
conjugate functions on Lp if and only if the weight satisﬁes the Ap-condition. As
an application, we prove the equivalence of the weighted norm inequalities for the
Cauchy integral and the Ap-condition of the weight. Along the way, we show that
there exist norm inequalities for pluriharmonic conjugate functions on BMO and
on the nonisotropic Lipschitz spaces.  2002 Elsevier Science (USA)
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1. INTRODUCTION
Let B be the unit ball of n, let S be the unit sphere of n, and let σ
be the rotation invariant, positive Borel measure on S with σS = 1. For
1 ≤ p ≤ ∞, we denote Lp = LpS
 σ the usual Lebesgue space on S,
Hp = HpB = HpS the Hardy space, and BMOA = H2 ∩ BMO where
BMO is the collection of bounded mean oscillations on S. For f ∈ L1, we
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deﬁne two integral operators Jf and Kf on B as
Jf z= ∫S Jz
 ξf ξdσξ
and Kf z= ∫S Kz
 ξf ξdσξ
(1.1)
where Jz
 ξ = 2ReCz
 ξ and Kz
 ξ = 2ImCz
 ξ. Here Cz
 ξ =
1 − 	z
 ξ
−n is the Cauchy kernel for B [8, Deﬁnition 3.2.1]. If f ∈ H1
with f 0 = 0, then JRe f = Re f and KRe f = Im f , which can be easily
obtained by the reproducing property of the Cauchy integrals of f and f¯
[8, Theorem 3.2.5]. Each kernel Jz
 ξ, Kz
 ξ is pluriharmonic in z if its
variable ξ is ﬁxed. For this reason, we call Jf the pluriharmonic integral of
f and Kf the pluriharmonic conjugate integral of f , respectively. Through-
out the paper, we denote the radial limit of a function h on B by h∗. In
particular, the symbol f˜ denotes Kf ∗ and we call it the pluriharmonic
conjugate function of f . Since the radial limit of the Cauchy integral Cf
exists almost everywhere [8, Theorem 6.2.3], the pluriharmonic conjugate
function is well deﬁned for f ∈ L1.
Now considered a classical result of conjugate functions, in 1924,
M. Riesz proved that for n = 1 and 1 < p <∞, harmonic conjugate func-
tions are bounded on Lp [2, Theorem 2.3 of Chap. 3]. The past eight
decades have witnessed many results of research on this subject. Here we
mention only some of them. Two books [2, 3] also provide good references
on that subject. In 1973, Hunt et al. [4] proved that harmonic conjugate
functions are bounded on weighted measured Lebesgue spaces. For the
Bergman spaces, Dzhrbashyan and Karapetyan [1] obtained the norm
inequalities for pluriharmonic conjugate functions. More recently, Rim
and Choi [6] got the weighted norm inequalities for -harmonic conjugate
functions for p = 2.
In the present paper, we prove the following:
1. Given a weight function on S and 1 < p <∞, there exist weighted
norm inequalities for pluriharmonic conjugate functions on Lp if and only
if the weight satisﬁes the Ap-condition.
2. Given a weight function on S and 1 < p <∞, there exist weighted
norm inequalities for the Cauchy integral on Lp if and only if the weight
satisﬁes the Ap-condition.
3. There exist norm inequalities for pluriharmonic conjugate func-
tions on the nonisotropic Lipschitz space and on BMO.
As corollaries, in Hp for 1 < p <∞, the real part and the imaginary part
of a function which ﬁxes the origin are weighted norm equivalent. And in
BMOA, the real part and the imaginary part of a function which ﬁxes the
origin are norm equivalent.
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2. Ap-WEIGHTS
Let ω be a nonnegative locally integrable function on S. For p > 1, we
say that ω satisﬁes the Ap-condition (or ω is an Ap-weight) if
sup
Q
1
σQ
∫
Q
ωdσ
(
1
σQ
∫
Q
ω−1/p−1 dσ
)p−1
<∞
(2.1)
where Q = Qξ
 δ = η ∈ S  dξ
η = 1 − 	ξ
η
1/2 < δ is a non-
isotropic ball of S. The form (2.1) is related to the oscillation of functions.
In complex one dimension, one can easily obtain that logω ∈ BMO if and
only if ωα is an A2-weight for some α > 0 [2, p. 258].
2.1. Lemma. For 1 < p < ∞ and α > 1, there are constants c and c′
(depending on p and α) such that for any f ∈ Lp
MαJfp ≤ cfp and MαKfp ≤ c′fp

where Mαh is the maximal function of h on the Koranyi’s admissible
region Dα.
Proof. We may assume that f is real valued. Observe that MαJf and
MαKf are less than or equal to 2MαCf . The claim holds from the fact
that the maximal function of the Cauchy integral is bounded in Lp [8,
Theorem 6.3.1].
2.2. Corollary. For 1 < p < ∞, there are positive constants cp and c′p
such that
cpRe fp ≤ Im fp ≤ c′pRe fp

for all f ∈ Hp with f 0 = 0.
Proof. Since KRe f = Im f , by Lemma 2.1 the corollary holds.
Now we will prove the necessity of the ﬁrst result.
2.3. Theorem. Let ω be nonnegative integrable function on S. For 1 <
p <∞, if there is a constant cp such that for f ∈ Lp∫
S
f˜ pωdσ ≤ cp
∫
S
f pωdσ
(2.2)
then ω satisﬁes the Ap-condition.
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Proof. By Lemma 2.1, we can replace f by f˜ in inequality (2.2). A
property of the conjugate functions yields that∫
S
Jf ∗pωdσ =
∫
S
∣∣ ˜˜f ∣∣pωdσ
≤ c2p
∫
S
f pωdσ
So the assumption implies the weighted norm inequalities for Jf . For each
ξ, we deﬁne the modiﬁcation functions R1η
 ξ and R2η
 ξ on S by
R1η
 ξ =
{
1 if Re 1− 	η
 ξ
n ≥ 0,
−1 otherwise
and
R2η
 ξ =
{
1 if Im 1− 	η
 ξ
n ≥ 0,
−1 otherwise.
Suppose Q1 and Q2 are nonisotropic balls with radius sufﬁciently small δ
and that they are contained in another small nonisotropic ball with radius
3δ. Choose a nonnegative f supported in Q1. Then for almost all ξ ∈ Q2
we have
JfR1∗ξ + f˜R2ξ =
∫
Q1
2
(Re1− 	η
 ξ
n + Im 1− 	η
 ξ
n)
1− 	ξ
η
2n
× f ηdση
≥
∫
Q1
2
1− 	ξ
η
n f ηdση
≥ 0
By the selection of nonisotropic balls, σQ1 ≈ δ2n, so there is an absolute
constant c such that for almost all ξ ∈ Q2(JfR1∗ξ + f˜R2ξ)p ≥ c
(
1
σQ1
∫
Q1
f dσ
)p
(2.3)
Throughout the proof, we use the letter c which denotes a positive constant
whose value may change from line to line. It depends on n and possibly on
p but does not depend on δ. Setting f = χQ1 and integrating (2.3) over Q2
after being multiplied by ω, we get∫
Q2
ωdσ ≤ c
∫
Q2
(JfR1∗p + f˜R2p)ωdσ(2.4)
≤ c
∫
S
(f ξR1ξ
 ξp + f ξR2ξ
 ξp)ωξdσξ
≤ 2c
∫
Q1
ωdσ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Next putting f = χQ2 and integrating (2.3) over Q1 after being multiplied
by ω, we have ∫
Q1
ωdσ ≤ 2c
∫
Q2
ωdσ(2.5)
From (2.4) and (2.5), the integrals of ω over Q1 and Q2 are equivalent.
Now put f = ωαχQ1 in (2.3) (the constant α will be chosen later) and
integrate (2.3) over Q2. Then(
1
σQ1
∫
Q1
ωα dσ
)p ∫
Q2
ωdσ ≤ c
∫
Q1
ωαp+1 dσ(2.6)
Finally take α = −1/p− 1 and apply (2.4) and (2.5) to (2.6); then there
is a constant c such that
1
σQ1
∫
Q1
ωdσ
(
1
σQ1
∫
Q1
ω−1/p−1 dσ
)p−1
≤ c <∞

where the constant c depends only on p. Consequently, we have the desired
Ap-condition.
3. THE SHARP MAXIMAL FUNCTIONS
In this section we will prove the converse of Theorem 2.3. To start with,
we introduce a lemma. For the proof of it, see [8, Lemma 6.1.1].
3.1. Lemma. Let ξ
η
ω ∈ S. Suppose dω
η < δ and dω
 ξ > 2δ.
Then we have
Cξ
η − Cξ
ω ≤ cδ1− 	ξ
ω
n+1/2 

where c is an absolute constant.
Let p > 0. For a locally integrable function f on S, the sharp maximal
function f#
p
is deﬁned for ξ ∈ S by setting
f#
pξ = sup
ξ∈Q
(
1
σQ
∫
Q
f − fQp dσ
)1/p


where the supremum is taken over all the nonisotropic balls Q containing ξ
and fQ stands for the average of f over Q. The sharp maximal operator
f → f#p is an analogue of the Hardy–Littlewood maximal operator M .
Note that f#
pξ ≤ 2Mf ξ. The next result plays an important role in the
computation of the weighted norm inequalities.
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3.2. Theorem. Let f ∈ L1. For q > 1, there is a constant cq such that
f˜#
1ξ ≤ cqf#
qξ

for almost all ξ.
Proof. Fix Q = QξQ
 δ. It sufﬁces to show that for each q > 1 there
are constants λ = λQ
 f  and cq depending only on q such that
1
σQ
∫
Q
f˜ ξQ − λdσ ≤ cqf#
qξQ(3.1)
Put
f = f − fQχ2Q + f − fQχS\2Q + fQ
= f1 + f2 + fQ
 we deﬁne
Since f˜Q = 0, we have
f˜ = f˜1 + f˜2
Put g = Jf2 + iKf2. Then it is continuous on B ∪Q. Now letting λ = igξQ
in (3.1), we shall prove the claim. The integral in (3.1) is estimated as∫
Q
f˜ + igξQdσ ≤
∫
Q
f˜1dσ +
∫
Q
f˜2 + igξQdσ
= I1 + I2
 we deﬁne
We ﬁrst estimate I1  By Ho¨lder’s inequality we get
1
σQ
∫
Q
f˜1dσ ≤
(
1
σQ
∫
Q
f˜1q dσ
)1/q
≤ cq
σQ1/q f1q

where the last inequality follows from Lemma 2.1. Now we have
f1q =
(∫
2Q
f − fQq dσ
)1/q
≤
(∫
2Q
f − f2Qq dσ
)1/q
+ σ2Q1/qf2Q − fQ
Thus by applying Ho¨lder’s inequality in the last term of the above, we see
that there is a constant c′q such that
1
σQ
∫
Q
f˜1dσ ≤ c′qf#
qξQ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Now we estimate I2  Since f2 ≡ 0 on 2Q, we have
I2 =
∫
Q
f2 + if˜2 − gξQdσ
≤
∫
S\2Q
f2η
∫
Q
J + iKξ
η − J + iKξQ
ηdσξdση

where J + iKξ
η = Jξ
η + iKξ
η for notational simplicity. By
Lemma 3.1 we get an upper bound such that
1
σQI2 ≤ cδ
∫
S\2Q
f2η
1− 	η
 ξQ
n+1/2
dση
(3.2)
where c is an absolute constant. Write S\2Q = ⋃∞k=1 2k+1Q \ 2kQ Then the
integral of (3.2) is equal to
∞∑
k=1
∫
2k+1Q\2kQ
f η − fQ
1− 	η
 ξQ
n+1/2
dση
≤
∞∑
k=1
1
22n+1kδ2n+1
(∫
2k+1Q
f − f2k+1Qdσ
+
k∑
j=0
∫
2k+1Q
f2j+1Q − f2jQdσ
)

Thus there is a constant c such that
1
σQ
∫
Q
f˜2 + igξQdσ ≤ c
∞∑
k=1
k
2k
Mf#
1ξQ

as desired.
By observing Theorem 3.2, we know that f˜ is bounded on BMO and
there are positive constants c and c′ such that
cRe fBMO ≤ Im fBMO ≤ c′Re fBMO

for all f ∈ BMOA with f 0 = 0. The proof of the follwing lemma is essen-
tially the same as that of Theorem 2.20 of [3]. (The only difference between
these two is the domain of functions and the following lemma is indepen-
dent of the theory of conjugate function.) So we omit its proof.
3.3. Lemma. For 0 < p < ∞, let ω be an Ap-weight. Then there is a
constant cp such that∫
S
Mf pωdσ ≤ cp
∫
S
f#1pωdσ

for all f ∈ Lp.
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The next theorem is the converse of Theorem 2.3.
3.4. Theorem. For 1 < p < ∞, if ω is an Ap-weight, then there is a
constant Cp such that ∫
S
f˜ pωdσ ≤ Cp
∫
S
f pωdσ

for all f ∈ Lp.
Proof. Fix p > 1 and let f ∈ Lp. Then by Lemma 3.3 there is a constant
cp such that ∫
S
f˜ pωdσ ≤
∫
S
Mf˜ pωdσ ≤ cp
∫
S
f˜#1 pωdσ
Take q > 0 such that p/q > 1. By Theorem 3.2, the last term of the above
inequalities is bounded by some constant (depending on p and q) times∫
S
f#q pωdσ ≤ c
∫
S
Mf qp/qωdσ ≤ c′
∫
S
f pωdσ

where two constants c and c′ depend on p and q and the second inequality
follows from Lemma 3.3. So we ﬁnish the proof.
3.5. Corollary. For 1 < p <∞, let ω be an Ap-weight. Then there are
positive constants cp and c′p such that
cp
∫
S
Re f pωdσ ≤
∫
S
Im f pωdσ ≤ c′p
∫
S
Re f pωdσ

for all f ∈ Hp with f 0 = 0.
Proof. Recall that KRe f = Im f . Applying Theorem 3.4, we prove the
corollary.
As an application of Theorems 2.3 and 3.4 we have the weighted norm
inequalities for the Cauchy integral:
3.6. Theorem. Let 1 < p <∞. There exist weighted norm inequalities for
the Cauchy integral on Lp if and only if the weight satisﬁes the Ap-condition.
Proof. Suppose ω is an Ap-weight. Note that (2.2) implies the weighted
norm inequalities for Jf  by replacing f by f˜ in (2.2). First assume that f
is real valued in Lp. Then by Theorem 3.4 there is a constant cp such that∫
S
2Cf ∗pωdσ ≤
∫
S
Jf ∗pωdσ +
∫
S
f˜ pωdσ(3.3)
≤ cp
∫
S
f pωdσ
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where Cf is the Cauchy integral of f . When f is complex valued, write
f = f1 + if2 for real valued f1 and f2. Then also by (3.3)∫
S
2Cf ∗pωdσ ≤
∫
S
2Cf1∗pωdσ +
∫
S
2Cf2∗pωdσ
≤ 2cp
∫
S
f pωdσ
Conversely suppose there exist weighted norm inequalities for the Cauchy
integral on Lp. Assume that f is real valued. By Theorem 2.3 it sufﬁces
to prove that the weighted norm inequalities for Cf yield that for Jf and
that for Kf . Then by taking the real (or imaginary) part of the hypothesis,
we have the weighted norm inequalities for Jf (Kf ). For a complex valued
f , splitting f into f1 + if2 for real valued f1 and f2, we would prove the
remains. Thus the proof is complete.
We deﬁne nonisotropic Lipschitz functions on S and then show that pluri-
harmonic conjugate functions are bounded on the space of nonisotropic
Lipschitz functions. For 0 < α ≤ 2, we say that f is a nonisotropic Lip-
schitz function of order α on S if there exits a ﬁnite constant flipα such
that
sup
ξ
η∈S
f ξ − f η
dξ
ηα = flipα

and then we write f ∈ lipα. Note that with this seminorm, lipα becomes
a Banach space provided we identify functions which differ by a constant
almost everywhere.
From the lemma below, one can see that the norm of a nonisotropic
Lipschitz function is also related to its oscillation over S. Moreover, we
observe that the BMO-norm of smooth functions f is equal to some con-
stant times limα↘0 flipα .
3.7. Lemma. Let 0 < α ≤ 2 and let f ∈ L1. Then the following quantities
are equivalent.
(a) flipα .
(b)
sup
Q
ξ∈Q
f ξ − fQ
σQα/2n 
(c)
sup
Q
(
1
σQ1+αp/2n
∫
Q
f − fQp dσ
)1/p
1 ≤ p <∞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(d)
sup
Q
1
σQ1+α/2n
∫
Q
f − fQdσ
Proof. Suppose f ∈ lipα. Let Q be a nonisotropic ball having center ξ
and radius δ. Then since σQ ≈ δ2n, we have
f ξ − fQ ≤
1
σQ
∫
Q
f ξ − f ηdση
≤ cflipασQα/2n

where the constant c depends on α. So (b) is less than or equal to a constant
times (a). Integrating f ζ − fQp over Q, we get that (c) is less than or
equal to a constant times (b), and by putting p = 1 also (d) is less than or
equal to a constant times (c). It remains to prove that (a) is less than or
equal to a constant times (d). To do this we use the method of Meyers [5].
Fix ξ, η ∈ S. Take Q = Qξ
 δ and δ = 21− 	ξ
η
1/2. Then we get
f ξ − f η ≤ f ξ − fQ + fQ − f η = I + II
 we deﬁne
We will only estimate I, since the estimate of II is identical. Inductively,
choose a sequence of nonisotropic balls Qk such that k = 1
 2
 3
   ,
Qk ↘ ξ as k→∞

σQk =
1
2
σQk−1

Q0 = Q
Then
I ≤ f ξ − fQk  +
k∑
j=1
fQj − fQj−1  = I1 + I2
 say
As k → ∞, I1 goes to 0 for almost all ζ. So it sufﬁces to estimate I2.
Observe that
I2 ≤
k∑
j=1
1
σQj
∫
Qj
f − fQj−1 dσ
≤ 2
k∑
j=1
1
σQj−1
∫
Qj−1
f − fQj−1 dσ
= 2cσQα/2n
k∑
j=1
1
2jα/2n
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Since δ = 21 − 	ξ
η
1/2, we have I2 ≤ cdξ
ηα. Thus we have f ξ −
f η ≤ cdξ
ηα for almost all ξ, η. Since f is a representation of some
equivalent class in L1S, we can redeﬁne f so that
f ξ − f η ≤ cdξ
ηα ξ
η ∈ S
Therefore the proof is complete.
3.8. Theorem. There exist norm inequalities for pluriharmonic conjugate
functions on lipα.
Proof. We can prove this theorem in the same way as the proof of
Theorem 3.2. In (3.1), replace σQ by σQ1+α/2n and apply (c) of
Lemma 3.7. Then we obtain the proof.
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